Abstract. AČech closure space (X, u) is a set X with a (Čech) closure operator u which need not be idempotent. Many properties which hold in topological spaces hold inČech closure spaces as well.
1.Čech closure spaces
An operator u : P(X) → P(X) defined on the power set P(X) of a set X satisfying the axioms: (C1) u(∅) = ∅, (C2) A ⊂ u(A) for every A ⊂ X, (C3) u(A ∪ B) = u(A) ∪ u(B) for all A, B ⊂ X, is called aČech closure operator and the pair (X, u) is aČech closure space. For short, the space will be noted by X as well, and called a closure space.
A subset A is closed in the closure space (X, u) if u(A) = A holds. It is open if its complement is closed. The empty set and the whole space are both open and closed.
The interior operator int u : P(X) → P(X) is defined by means of the closure operator in the usual way: int u = c • u • c, where c : P(X) → P(X) is the complement operator. A subset U is a neighbourhood of a point x (subset A) in X if x ∈ int u U (A ⊂ int u U ) holds. We denote by N (x) the collection of all neighbourhoods (the neighbourhood system) at the point x. By (C3), the intersection of two (and thus finitely many) neighbourhoods at x is a neighbourhood at x again. The condition (C1) is equivalent to int u X = X, that is to X ∈ N (x) for every x ∈ X, and int u A ⊂ A for every A ⊂ X is equivalent to (C2).
In a closure space (X, u) a family U(x) ⊂ N (x) is a neighbourhood (local) base at a point x if the following axioms are satisfied: (Nb1) U(x) = ∅ for every x ∈ X, (Nb2) x ∈ U for every U ∈ U(x), (Nb3) U 1 , U 2 ∈ U(x) ⇒ (∃U ∈ U(x))U ⊂ U 1 ∩ U 2 .
A family U(x) ⊂ N (x) is a neighbourhood (local) subbase at a point x if the conditions (Nb1) and (Nb2) are fulfilled.
If a collection {U(x) | x ∈ X} of filters on X satisfies the conditions (Nb1)-(Nb3), then there is exactly one closure operator u for X such that U(x) is a neighbourhood base at x for each x ∈ X. The operator u is defined by:
u(A) = {x ∈ X | U ∈ U(x) ⇒ U ∩ A = ∅}. Let (X, u 1 ) and (X, u 2 ) be closure spaces. The closure u 1 is coarser than the closure u 2 , or u 2 is finer than u 1 , denoted by u 1 ≤ u 2 , if u 1 (A) ⊃ u 2 (A) for every A ⊂ X. So defined relation ≤ is a partial order on the set of all closure spaces.
Let {u α } be a collection of closure operators on a set X. The infimum (meet) and supremum (join) operators for {u α } are the operators u 0 = ∧u α and u = ∨u α respectively, defined by: U 0 (x) = α N α (x) is a neighbourhood base (system) and U(x) = α N α (x) is a neighbourhood subbase at x ∈ X, for u 0 and u respectively.
Many topological notions can be defined in the class of closure spaces by means of neighbourhoods.
Let M be a directed set and (x µ ) µ∈M a net in (X, u). The net (x µ ) converges to a point x ∈ X if for every neighbourhood U of x there is a µ ∈ M such that for every µ ′ ∈ M, µ ′ ≥ µ ⇒ x µ ′ ∈ U . Similarly, x is an accumulation point of the net (x µ ) if for every neighbourhood U of x and every µ ∈ M there is a µ ′ ∈ M such that µ ′ ≥ µ and x µ ′ ∈ U . For every point x the neighbourhood system N (x) is a filter on X such that x ∈ N (x). Moreover it is a set directed by the inverse inclusion ⊃ and every net (x U ) U ∈N (x) with x U ∈ U , converges to x.
Let (X, u) and (Y, v) be two closure spaces. A function f : (X, u) → (Y, v) is continuous at x ∈ X if "close points are mapped into close ones", that is if the following holds
This condition is equivalent to:
(i) the inverse image of every neighbourhood of f (x) is a neighbourhood of x; (ii) for every net (x µ ) that converges to x, the net (f (x µ )) converges to f (x); (iii) if x is an accumulation point of a net (x µ ), f (x) is an accumulation point of the net (f (x µ )).
A function f : (X, u) → (Y, v) is continuous if it is continuous at every point of X. This condition is equivalent to:
The product of a family {(X α , u α ) | α ∈ A} of closure spaces, denoted by Π(X α , u α ), is the set X = Π α∈A X α endowed with the closure operator u defined by means of neighbourhoods: for every x ∈ X the family
is a neighbourhood subbase at x in (X, u). Here π α are the projections, while N α (x α ) is the neighbourhood system at x α = π α (x) in X α . There exists exactly one closure operator u such that U(x) is a local subbase at x in (X, u) for every x ∈ X. Canonical neighbourhoods of x are of the form A well-known example of aČech closure operator which is not a Kuratowski closure operator in general, is the so called θ-closure. It was defined by Veličko [10] in the following way: Let (X, T ) be a topological space and let A ⊂ X. A point x ∈ X is in the θ-closure of A, denoted by cl θ A (or T cl θ A), if each closed neighbourhood of x intersects A. Neighbourhood bases in (X, cl θ ) consist of closed neighbourhoods (or closures of open neighbourhoods) in (X, T ) at every point x.
Let (X, T ) be the product space of a family {(X α , T α )} of topological spaces. The θ-closure space of (X, T ) is the product of the θ-closure spaces of (
is θ-continuous if it is θ-continuous at each of its points. Every continuous function is θ-continuous, but the converse does not hold in general.
θ-continuity is not a continuity concept in the class of topological spaces, but it is in the class ofČech closure spaces. Namely,
Hence the following characterizations of θ-continuity:
-continuous if and only if:
(
The next statement follows from the definitions and the properties of θ-closure.
A closure space (X, u) is:
(i) regular if for each point x and each subset A such that x / ∈ u(A), there exist neighbourhoods U of x and V of A such that U ∩ V = ∅; (ii) compact if each net in (X, u) has an accumulation point. A closure space (X, u) is regular if and only if for each point x and each neighbourhood U of x, there is a neighbourhood
Compactness can be characterized by means of covers. [2, 41 A.9. Theorem] An interior cover of (X, u) is a cover {G α } such that the collection {int u G α } covers X. The space is compact if and only if every interior cover has a finite subcover.
We give the following
A subset A is compact if every interior cover of A has a finite subcover.
All notions not explained here can be found in [2] .
Proper and admissible topologies in the setting of closure spaces
Let X, Y and Z be three nonempty sets. For every function g : Z ×X → Y there is a function E(g) or g * from Z to Y X , the set of all functions from X to Y , defined by (g * (z))(x) = g(z, x). The mapping E :
If X, Y and Z are topological or closure spaces, in particular sets of continuous functions can be considered. Now on Y X will mean the set of all continuous functions from X to Y . The set Y X can be endowed with different topologies. The question is: Find the topologies on the set of functions such that
, that is, for every continuous g : Z × X → Y the function g * is continuous; and conversely, (2) g ∈ Y Z×X for every g * ∈ (Y X ) Z , that is, for every continuous g * :
Z → Y X the function g is continuous. Following the definitions and notations used by Arens and Dugundji [1] , Kuratowski [9] and Iliadis and Papadopoulos [7] for the sets of continuous functions defined in the setting of topological spaces, we give the following definitions. Defintion 1. Let (X, u) be a closure space and (A λ ) λ∈Λ be a net in P(X). The upper limit of the net (A λ ), denoted by lim Λ A λ , is the set of all points
x ∈ X such that for every λ 0 ∈ Λ and every neighbourhood U of x in X, there is a λ ∈ Λ such that λ≥ λ 0 and A λ ∩ U = ∅. (See, for example, [1] and [7] .) ( 
For the converse, let (f λ ) λ∈Λ be a net in Y X such that the condition (4) holds. For every x ∈ X and every neighbourhood V of f (x),
.
Remark. In Theorem 3 the condition "for every B ⊂ Y " can be replaced by: for every B = V c , where V is a neighbourhood basic element. Proof. Let a net (f λ ) converges continuously to f ∈ Y X and B be a closed set in Y . By (4) , lim
Conversely, suppose that (4*) holds and let B be a subset in Y . By (4*), for the closed subset B, lim
, and by isotony of the upper limit, lim ( 
is continuous by Theorem 1. Since σ is proper, for Z = (Y X , σ ′ ), the identity
is continuous, hence σ ′ is finer than σ. Proof. For the nontrivial part of (1), let σ α be proper for every α. That is, for any space (Z, w), continuity of g :
is continuous. In order to prove continuity of g * : (Z, w) → (Y X , ∨σ α ), for any z ∈ Z and every neighbourhood G of g * (z), there are finitely many 
Theorem 5. A closure operator σ on Y X is proper (splitting) if and only if continuous convergence of a net implies its convergence in (Y X , σ), and it is admissible (jointly continuous) if and only if the reverse holds, that is, convergence of a net in (Y

Corollary 3. In Theorem 6 the conditions on the space Z can be replaced by: Z is a topological space having at most one non-isolated point.
In the sequel the finest proper topology on Y X , which exists by Corollary 2, is characterized by means of convergence classes and upper limits, analogously to the topological situation. (Cf. [7] .) Let C(σ) be the convergence class of the closure space (Y X , σ), that is
It can be easily seen that C(σ) satisfies the following axioms: (cf. 
there is a subnet (g µ ) of (f λ ) no subnet of which converges to f , i.e.
Thus there is a cofinal subset M ⊂ Λ such that f µ / ∈ G 0 for every µ ∈ M. (f µ ) µ∈M is a subnet of (f λ ), no subnet of which converges to f . Denote by C * the class of all pairs ((f λ ) λ∈Λ , f ) such that (f λ ) is a net in Y X which converges continuously to f ∈ Y X , i.e.
By Theorem 5, σ is proper if and only if C * ⊂ C(σ) and it is admissible if and only if the reverse inclusion holds: C(σ) ⊂ C * .
Theorem 7. The class C * satisfies the axioms (CONSTANTS), (SUB-NETS) and (DIVERGENCE).
Proof. For (CONSTANTS) and (SUBNETS) is clear.
(DIVERGENCE). Let (f λ ) be a net in Y X , f ∈ Y X and let
By Theorem 3 there is a subset B ⊂ Y such that lim
Let N (x) be the set of all neighbourhoods of x directed by inverse inclusion
, is a subnet of (f λ ).
Let (h ν ) be a subnet of (g µ ) and ψ : N → M be the corresponding map. In order to prove that ((h ν ) ν∈N , f ) / ∈ C * , let ν 0 ∈ N and U ∈ N (x). If τ is a topology on Y X : for
It means that x ∈ lim
Similarly, if {G α } ⊂ τ and G = α {G α }, let f ∈ G and (f λ ) λ∈Λ be a net which satisfies (4). There is an α 0 such that f ∈ G α 0 , and since (4) holds, there exists a λ 0 ∈ Λ such that f λ ∈ G α 0 ⊂ G for every λ ≥ λ 0 . Thus G ∈ τ . 
Let A be a family of subsets of X. The collection
is a subbase for a topology on Y X , which will be called the A-topology. Let C be an interior cover of X. The collection {(u(K), V )|V ∈ V and K ⊂ X is such that u(K) ⊂ C for some C ∈ C}, is a subbase for a topology on Y X , which will be called the C-topology.
Theorem 9. Let (X, u) be a regular closure space and (Y, v) be arbitrary. For every interior cover C of X, the C-topology is admissible.
Proof. By Theorem 1, it is enough to prove that the evaluation mapping is continuous. Let f ∈ Y X , x ∈ X and V ∈ N (f (x)), f (x) = ε(f, x). By continuity of f , the set U = f −1 (V ) ∈ N (x). Choose a C ∈ C so that x ∈ int u C. Then U ∩ C ∈ N (x) and by regularity of X, there is a U 1 ∈ N (x) such that x ∈ int u U 1 ⊂ U 1 ⊂ u(U 1 ) ⊂ U ∩ C.
For the subbasic element (u(U 1 ), V ) in the C-topology, ε((u(U 1 ), V ), U 1 ) ⊂ V since for every f 1 ∈ (u(U 1 ), V ) and each x ∈ U 1 , ε(f 1 , x 1 ) = f 1 (x 1 ) ∈ V .
Theorem 10. Let (X, u) and (Y, v) be closure spaces and A be a collection of compact subsets in (X, u). The A-topology is always proper.
Proof. Let g : (Z, w) × (X, u) → (Y, v) be a continuous function. In order to prove continuity of the mapping g * : (Z, w) → (Y X , σ), where Y X is endowed with the A-topology, let z ∈ Z and f = g * (z). For a subbasic element (K, V ) containing f , where K is a compact set in X,
By continuity of g, (∀x ∈ K) g(z, x) ∈ int v V ⇔ V ∈ N (g(z, x)) implies (∀x ∈ K)(∃W x ∈ N (z))(∃U x ∈ N (x)) g(W x × U x ) ⊂ V.
(∀x ∈ K)U x ∈ N x implies {U x | x ∈ K} is an interior cover of the compact set K, so there is a finite subcover {U x i | i = 1, · · · k}. Set W = k i=1 W x i . Then W ∈ N (z). It follows that
(W x i × U x i )) ⊂ V.
